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Holder continuity for the displacements
in isotropic and kinematic hardening

with von Mises yield criterion
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Abstract

We consider the regularity of weak solutions to evolution variational inequalities arising from
the flow theory of plasticity with isotropic and kinematic hardening. The (linear) elasticity
tensor is allowed to have discontinuities.

We derive a Morrey condition for the stress velocities and the strains (not the strain velocity!)
up to the boundary. In the case of two space dimensions we conclude the Hélder continuity

of the displacements.
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1 Introduction and formulation of the problem

In this paper we deal with solutions of the flowrule of plasticity with hardening. This means we look
for solutions ((o,&),v) € (MNK) x L?(0,T; H*(Q,R™)) and that for all (7,7) € MNK, 7-7=p
on Iy holds

(A, —0) + (&0 =€) + (v, div(r —0)) 20 (1.1a)
(0,Vw) = (f,w) + [ pwdo Vw e Hf (Q,R") a.e with respect to ¢ (1.1b)
In

(0,€)(0) =0in Q x R™ x {t = 0}
(1.2)
v=0o0nTIp x[0,T]
Remark A choice of 0(0) = oy sufficiently smooth is also possible.

Here

K ={(r,n) € L*(0,T; L*(, RZ") x L*(0,T; L*(Q,R™)) | F(r,n) < 0 a.e. in Q x [0,7]}

sym



M = {(r,n) € L*(0, T; L*(Q,RI:™)) x L*(0,T; L*(,R™)) | divT € L=(0,T; L™ (L, REM)) }

sym sym

F R XR™ — Ris a given convex continuous function, called yield function. For the definition

of the usual function spaces L(0,T; L?) cf. [DL76].

We suppose the usual safe load condition (cf. Johnson [Joh78]). There exists an element

(69,£%) € Whoe (0, T; L (9, R25M) x L*(Q,R™)) such that

sym
F(0%,¢%) < 65 <0
—dive® = fin Q x [0, 7]

o’ fi=pon Iy x[0,T]

(0°,€°)(0) =0 in Q x R™ x {t = 0}

Let © C R®, n > 2 be an open bounded and connected subset of R™ with Lipschitz boundary
90 = TpULy, where Tp has positive (n — 1)-dimensional Hausdorff measure.

Let

f,f e L=(0,T; L"(Q,R")) (1.4a)

p,p € L0, T; L= (99, R™)) (1.4b)

and set £(u) = 3(Vu + VuT) the linearized strain tensor. For the sake of simplicity we do not
require the optimal function spaces for proving our regularity results.

Let A € L>(Q;hom(RET, RET)) be a uniform elliptic, symmetric fourth order tensor with el-
lipticity constant cwa > 0. The tensor A describes the elastic material properties ( for example the
inverse Lamé-Navier-Operator).

The parameter t is a loading parameter and v = w is interpreted as the displacement velocity,

u as the displacement field of the body 2. The quantity o is the stress tensor and the function

£ :Q — R™ is the so called hardening parameter. (here m=1orm =nxn)

In this paper we consider the case of the von Mises yield criterion for isotropic and kinematic

hardening.
F(0,8) = |op| — (£ + &) isotropic £ € R
F(o,§)=|op —&pl— K kinematic £ € RI5!

with £ > 0 and op = 0 — L tr(c)Id the deviator of o.

Under the assumption of the safe load condition (1.3) and (1.4), it is known that the above problem
has a solution ((c,£),v) [Joh78] and in addition it is known that (o, &) € L> (0, T; HL,.(Q,R2M)) x

loc sym



L>(0,T; H. . (Q,R™)) [Ser94][Léb07]. (For the differentiability of (,¢), one has to assume

A € WH® rather than L)

We empasize, that the coefficients of A are only in L*°. If A is smooth, say Lipschitz, Sere-
gin [Ser94] proved in the case of kinematic hardening, that v € L*>® ((), T; H*(9, IR{")), this implies
that u € C%1/2 (C%1=9 for n = 2) in space direction for three dimensions. In the case of isotropic

hardening Seregin obtains only Vu € BD(Q2), which does not imply Holder continuity.

The purpose of this paper is to prove a Morrey condition of the type

T T
. R« .
/ / [[Vol? + 6] + [£)] dxdt§2a—a/ / [[Vu]* + |6]* + |€%] da dt
0 JBgr Rg Jo Br,

up to the boundary of the basic domain 2. In the case of 2 space dimensions one can conclude

the everywhere continuity of the displacements

u(x,t) = /Otv(ams) ds.

2 Approximation

We now approximate the plasticity problem (1.1) with a viscoplastic type model.
Let F(o,§) denote the yield function. We define for 1 > 0 a viscoplastic type potential G, (o, §).

Gul.) 1= 3Pl )]

a if a>0
where (a)4 =

0 if a<O.
The term G, (0,§) is almost everywhere differentiable and convex, thus it’s derivative G/, (o, §) is

a monotone operator. For the von Mises yield criterion in the case of isotropic hardening we have

Gy (0,6) = i(w —(r+9)°

1 22
G(0,6) = ~(lop| = (k +8)), - | 7!
K -1
In the case of kinematic hardening
1 2
Gu(0,§) = EUUD — &l —kK).
1 op —&p 1
G (0,6)=—(lop — —R) —
,u,( 5) /.t(| D é-D‘ )+|UD_£D| _1



The penalized hardening problem now reads:

Find ((0,&u),vu) € M x L2(0,T; H*(Q,R™)) such that for all (r,n7) € M, 7-7 = 0 on Iy holds:

(A6,,7) + (€usm) + (G[L((Umﬁu)),(T7 1)) + (v, divr) =0 (2.1)

(0, Vw) = (f,w) —l—/r pwdoVw € HE (Q,R™) a.e with respect to ¢
N

(01,€,)(0) = 0 in © x R™ x {t = 0} (2.2)
v,=0onlIp x1
The existence of solutions and the convergence as u — 0, to the solution of the initial hardening
problem (1.1) can be found in [L6b07].
Moreover, for the approximations, we have the following estimates independent of the viscosity
coefficient p.
||O-IL||LOO(L2)’ Hfu||L:>c(L2) § C’onst

160l 22(22)s 1€ullL2(r2y < Const

For fixed viscosity coefficient p, we have £(v,,) € L*(0,T; L*(2, R%X™)) and the pointwise penalized

Sym

hardening problem (both isotropic and kinematic)

Ady, n Gulow, &) [e(v)
é# G;/L(Uwfu)Z 0

holds almost everywhere in £ x [0, T].

3 The tube-filling condition (interior case)

For the sake of clarity we omit the subscript p for the viscosity coefficient.

Theorem 1 Let ((a, E),v) be a solution of the penalized problem (2.1). Then for any Br =
Bgr(zg) C Bar = Bagr(w,) CQ and T > 0 there holds the tube-filling condition

T T
/ / [[Vo]? + [6]> + |£*] dzdt < c/ / (Vo> +[6]* + |£°)] dedt+ KR (3.1)
0 Bagr 0 Bar\Br
where C, K are constants which are independent of the penalty parameter as p — 0.

Proof Let ¢ denote the usual localization function defined by ((x) = {o(|xg — x|) where

1 s € [-R, R|

Co(s) = 2215l s € [-2R,2R]\ [-R, R]

0 s ¢ [-2R,2R] .



—2R-R 0 R 2R

In equation (2.3), we choose the test function ¢2(&,&)T and obtain

T T T
/ / e(w): odadt = / / A6 o da dt+/ &2 da dt+ C2Gy(0,&)(T) dz .
0 Bar 0 JBar 0 Bar Bar
(3.2)
The term arising by the penalty term is non-negative, thus using also the definiteness of the elastic

material tensor A we obtain

T T T
co/ / |c'r|2C2dxdt+/ / |g'|2g2dxdt§/ / e(vy,) : 6¢* dedt. (3.3)
0 BQR 0 BQR 0 BZR

We differentiate (1.1b) with respect to ¢ and use this to rewrite the righthand side of (3.3)

/OT /Bm ev) : (*odzdi = — /U ' /B (=) fC duds - /O ' /B o, TV

= E1 + E2
(3.4)
where vg = ][de.
B
The boundary :{Stegral with p does not occur here. The Term F; can be estimated
T .
Bl < [ Kol ¢
T (3.5)
< KR/ [lv]|dt < K(T)R.
0
The term FEs is split into
R72 T T
Bl < T [ 10— mxm Pt 20 [ o
a 0 0 (3 6)

K g 2 ’ 2
<o [ IVoxmmP e 2a [ o) ar
@ Jo 0

due to Poincarés inequality. We choose a small enough such that the terms with ¢ at the righthand

side of (3.6) can be absorbed by the corresponding one in (3.3). We fix:

T T
/ / C(lo)? +1€%) dedt < K(T)R + K/ VoxXB,p\Bxll dt. (3.7)
0 Bor 0

Now we arrange an estimate for / le(v)|2¢? dadt :
In the case of isotropic hardening we test the penalized equation (2.3) with ¥ := ¢?(g(v), \e(v)DDT,
and see that the penalty term is pointwise non positive

WG (0,60 = (lop] — (5 — £))4.C? (”e(v) - s<v>D|) <0.

lopl



This yields

/OTEL \Cs(v)dedtg/ /<2 Ag) e dxdt+/T34 Clew)|é dz dt

In the case of kinematic hardening we choose the testfunction ¥ := ¢2(£(v),e(v))" and obtain

uG (0, &) =0

This yields

T .
/ /ICE I2dxdt</ /c AG) e dxdt+/ Bi Ce(v) : Edxdt.

Thus in both cases we obtain via Young’s inequality:

' |Ce(v)|? dzdt < C ' |¢6)? dadt + C ' ICE)2 da dt . (3.8)
. . s

We rewrite this and estimate using Korn’s and Young’s inequality

// |Ce(v |2dxdt>// C(v—c))*drdt — K/ / ¢IV¢| IVl — ¢ d dt
Bagr Bar
fK/ / IV¢|? v — cf* dz dt
Br
>cl/ / C(v— ) dedt — —/ C?|Vo|? dz dt
BR B2R
—K// (V¢ v — c|* dzdt.
0 Br

We proceed by using Korn’s and Poincaré’s inequality again and obtain (c = )

T T T
c/ (2|Vv|2dxdt70/ / |Vo|? dz dt g/ / |Ce(v)]? dadt . (3.10)
0 Bar 0 B2r\Br 0 Bar

If we collect these estimates we obtain

(3.9)

T T
/ / [[Vv]* + |6]* + |€]?] dz dt < C/ / (Vo2 + 6>+ |£)] dzdt + KR (3.11)
0 Br 0 B2r\Br
which is the statement of the theorem.

Note: That the terms |6]2 + |€|? on the right hand side of (3.11) are redundant, however if our

proof is refined in order to improve the constants we would use these terms.

4  The tube-filling step and the Morrey condition

Theorem 2 If the reqularity assumptions (1.4) hold true and the elastic material tensor A is

uniformly elliptic, there exists o € (0,1) such that

T . R«
/ / [IV0f? 4+ 62 + |¢2] dedt < 2°
0 Br RO

for all Bg(z¢) C Br

Rg
2

T
// [[Vo]? + |61 + |€[*] dedt+ 2K Ry | (4.1)
0 JBg,

(x0) C Bry(x0) C 2. The estimate is independent of u as p — 0.



Remark: Due to the convergence 0, — o, §, — ¢, Vv, — Vu, inequality (1.1a) gives in the
limit 0
imit g — . .
/ / [[Vo]* + |6]* + |£)?] dzdt < KR™.
0 JBg

Proof We add in inequality (3.11) the quantity fOT fBR [[Vv]? + |6 + |£\2] dz dt, i.e. we fill the
tube [0; 7] x (Bzr \ Br) and obtain

2 2 2 2
/ /BR IVol? + |6 + €[] *1+ / /Bm Vol + |67 + [¢°] + KR. (4.2)

By iteration we conclude with R; = Ry27

T N
2 12 22 c
[ 1, vt ot e < (75)

T
// [IVo]? + |6]* + |€]] + 2K Ro
BRO

(4.3)
N—v
K R,
ey (i)
choose « such that
c
=27, 4.4
1+c¢ (4.4)

Then (4.3) implies

T
// Vol + |61 + €] < V/ (Vo + 1612 + €] + 2KRy|  (45)
0 JBg,

which is the statement for Ry = Rp277. The case of general R; 1 < R < R; follows by estimating
R™% = (2R)™*2* <2°R;“

5 Holder continuity of the displacements in two dimensions

We are not able to prove the Holder continuity of the displacement wvelocities v, however, we

succeed this, for the displacements

u(x,t)z/o v(x,s)ds + up(x). (5.1)

Theorem 3 Let n = 2, ug € C%*,and let the assumptions of theorem 2 hold true. Then the
displacements u defined by (5.1) are Hélder continuous on interior domains. The Hélder exponent
is given by a(2 — )L, where a comes from (4.4). The estimates are independent of the penalty

parameter (.



Remark: Again, due to the convergence we have the Holder continuity of w in the limit u — 0.

Proof The functions u are obviously Holder continuous in spatial direction, i.e.
u € L™ (0, T, C’O’Q(QO,R”))

for all Qg CC €, since one easily estimates that Vu € L>(0,T; L3_,, (Q, R™*")).

L%_,, denotes the usual Morrey space of functions satisfying | Br w?dr < KR?**, (n =2).

We further have

T T
/ / W2 dadt = / / v?dzdt < KR?*®
0 BR 0 BR

and hence via Holder’s inequality,

ta

/ |u(x,t2)—u(a:,t1)|2dx§/ ity — 1| [ @2dtdz
Br

Br t1

< K|ty — 4| R*™.

From (5.2) we conclude

/u(x,tg)dx—/ u(z,ty)dx
BR BR

2

<Bg| | |u(z,t2) —u(w,t)* do
Br

and
2

][ u(zx, ta) dx—][ u(z,t1)dz| < |BR|71/ |u(z, t2) —u(x,t1)|2 dz
Br Br Br

< Kty — t1|R**2.

Since u € L>=(0,T; C%*(Qo,R™)) we know

< KR“

][ U(l’7t1) dz — u(tivx())
Br

for t; = t1,t2 almost everywhere with respect to t.
Then (5.3) implies
|u(m0,t2) — u(xo,t1)| < KR* + K|t2 - t1|R2a_2 .

Choosing |tz — t1| = R>~® we obtain
lu(zo,t2) — u(ty, z0)| < KR* = K|ty — t;| 7=

(63

(5.2)

(5.3)

and we obtain a Hélder exponent 3 = 5%~ with respect to the time. Since |u(z1,t) — u(z2,t)| <

K|xy — 25]?* is already known, the theorem is proved.

6 The Morrey condition up to the boundary

For the boundary estimate we require a condition for the boundaries I, and Ty .



Neumann boundary:

For xg € U(0Q\ Ip) we assume
mes (2N Tx(zo)) > aR" (6.1)

with some a > 0, T := Bog \ Br and T, :=Tpr N Q.

Dirichlet boundary:
We need for each xy € I'p that there holds a ” Wiener type condition”.

cap(Tr NTp; Bag) > coR™ 2 (6.2)

For Lipschitz boundary the conditions (6.1) and (6.2) are satisfied. In the case of mixed boundary
conditions, one can assume in addition that the set which separates the Dirichlet and Neumann

boundary is Lipschitz.

We follow the proof in section 3, however we replace the quantity vr by cg where

T if Bogp C Q (Z)
CrR = 0 if BopNIp # o (’L’L)
kr if BorNoQ # @ and Bog NIp =& (’LZZ)
and kg is choosen such that
1
mes({v > kr}NTg) > 3 mes(Tg)

1
mes({v < kr}NTg) > 3 mes(T) -

Note that
lkgr| < 2][ |v|de . (6.3)
Th

We follow the proof of the interior tube-filling condition. In the case that ¢z = Ug there is no

change of the proof.

In case (i) or (iii) we have a point z; € Ip or Iy such that z{ € 9Q N Bag(zy) where
Br(zg) C Byr(xj). We take a Lipschitz continuous localization function 7 such that
7=1o0n B4R($6)
7=0on R"\ Bgg(z;)
Vr|<R7!.

Then we replace ( in (3.2) and (3.3) by 7, and in step (3.4) we replace Ui by cgr defined above.
We follow the proof of theorem 1 up to (3.4).



In (3.4) the equilibrium of forces is used, so there occurs, in addition the term [, (v — ¢){pdo

which is estimated by

K / o)r?lder < K / |7*Vo|de + KR! / |v —¢|dx . (6.4)
BSR(wo BSR( O)I'WQ BBR(I())PIQ
Es3

The first term on the right hand side in (6.4) is dominated by K R™? (Young’s inequality)

Thus we arrive at an inequality

T T
cl/ / (|6)* + €§)*) dzdt < KR+ KR‘Q/ /|u — R’ X B (24 )\ Ban(ay) A dt
0 0
Bar Q
. (6.5)
+KR71/ /|U*CR|XBSR(z())d1’dt-
0
Q

We proceed as in (3.5),(3.6) and (3.8), but with different support for the localization function

in order to have the correct setting for the use of Poincaré’s inequality.

Due to estimates (3.8),(3.10), the conditions (6.1) and the choice (iii) of kr and further due
to condition (6.1) and the choice of cg, we may apply Poincaré’s inequality as in step (3.6). How-
ever with R replaced by 4R and T}, replaced by T,z (o). In the case (i7) the set of zeros of v in
Ty = Bsr(z() N Q\ Bag(zg) is large enough. Hence

/ /|v|2dxds<KR2//|Vv\2dxds (6.6)

T//

In case (#i1) with cg = k4r we estimate

T T
/ /|v—k4R|2dxds§KR2/ /|Vv|2dmds (6.7)
0 2 0 P

c.f. section 1.1.3 in [BF02]. We estimate for non negative g

/ gdx > / gdzx

B4R(I6) BR(IO)
and
|Vol?dz < / |Vo|?dz.
Ty (x}) Bier(z0)\Br(zo0)

10



Thus we arrive at the analogue of (3.6), but with Tr = Bag \ Br replaced by Bigr(2o) \ Br(zo)
and similarly in (3.11). The additional term Ej is estimated by

Bl <K [ (Tolcds

BSR(-’K&)QQ

<KR"?< KR

using Poincaré’s inequality in L' .

Here the second part of the proof (3.8)-(3.11) is the same as in section 4, taking into account the
different situations where Poincaré’s inequality is used.

The tube-filling step thereafter works with concentric balls Br,, R; := Rp1677 and yields a

Morrey exponent depending on the geometry of the domain.

A Static hardening

Following Temam [Tem85], there is a stationary model of hardening.

Minimize
1
106 =5 [ (o3 (40) + g s
Q
with the constraint F'(o,£) < 0, where F is the von Mises yield criterion for isotropic and kinematic

hardening , over the set of all (o,¢) € L?(Q,R2%") x L2(2,R™) with

Sym

(0,Vv) = (f,v) Jr/r pudo Yo € Hf (Q,R"). (A1)

This is, of course the weak form of the balance of forces, where f € L™(Q,R"™) is the acting

bodyforce and p € L>® (99, R™) the surface loading. We further impose the Dirichlet condition
u=0onIp.

on the displacements. This problem can be penalized in the spirit of section 2. We have the

penalized problem

Minimize
1
I, = 10,9+ o [ (Flo.92 ds
K Ja
where (0,£) € L*(Q, R2") x L*(Q,R™) satisfies (A.1).

With similar ideas as exposed in sections 3 and 4, we obtain a Morrey condition

/ |Vul|? dz < KR®
Br

11



with some « > 0 in n dimensions up to the boundary. Hence the displacement u is Hélder contin-

uous in two space dimensions.

Note that we only need L>-coefficients of the elastic material tensor A.

12
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